Abstract. In this paper we study some properties of rank one perturbations of the unilateral shift operators T = S +u⊗v. In particular, we give some criteria for eigenvalues of T . Also we characterize some conditions for T to be hyponormal.
Introduction
Let H be a separable complex Hilbert space and let L(H) denote the algebra of all bounded linear operators on H. If T ∈ L(H), we write σ(T ), and σ p (T ) for the spectrum, and the point spectrum of T , respectively.
An operator T ∈ L(H) is said to be quasinormal if T and T * T commute. Also, if T = U |T | is the polar decomposition of T , then T is quasinormal if and only if U and |T | commute. An operator T ∈ L(H) is said to be hyponormal if T
* T ≥ T T * where T * is the adjoint of T . It is known that the class of hyponormal operators is a larger class containing normal and quasinormal operators. A spectral operator is an operator with a countably additive resolution of the identity defined on the Borel sets of the plane (see [6] ) and an operator T ∈ L(H) is hypercyclic if there is a vector x ∈ H with dense orbit {x, T x, T 2 x, . . .} (see [10] ). If u and v are nonzero vectors in H, we write u ⊗ v for the operator of the rank one defined by (u ⊗ v)x = ⟨x, v⟩u, x ∈ H, where ⟨, ⟩ denotes the inner product of the Hilbert space H. Let {e n } ∞ n=0 denote an orthonormal basis for H which will remain fixed throughout this paper and let S ∈ L(H) be the unilateral shift of multiplicity one defined by Se n = e n+1 for n = 0, 1, . . .. Throughout the paper we suppose that u and v are nonzero vectors in H and their expansions with respect to the orthonormal basis {e n }
where a n and b n are nonzero coefficients for all nonnegative integer n.
We say that an operator T ∈ L(H) is a rank one perturbation of an operator if there exist the vectors u and v (defined above) in the Hilbert space H such that T = S + u ⊗ v. E. Ionascu has studied the several properties of rank one perturbations of diagonal operators (see [8] ). It is natural to consider the rank one perturbations of subnormal operators. Also, it is unknown whether these operators have nontrivial invariant subspaces. As the special case of these operators, we study some properties of rank one perturbations of the unilateral shift T = S + u ⊗ v. In particular, we give some criteria for eigenvalues of T . Also we characterize some conditions for T to be hyponormal.
Main results
First, we give some criteria for eigenvalues of T = S + u ⊗ v.
Hence we obtain the following equation
a n e n = 0, where x = ∑ ∞ n=0 x n e n . If we solve this equation, then we get ⟨x, v⟩ = 0. Therefore 
Hence u ∈ ran(S − µ) and ⟨x, v⟩ + 1 = 0. Thus
If we solve this system with respect to x n , then we obtain the following equations:
If we substitute (2) into (1), we get that
In order to get (ii), from ∥x∥ < ∞ and (2) we have
Conversely, if (i) and (ii) hold, set
Then we obtain the following equations
Hence x ̸ = 0 and
As an application of Theorem 2.1, we obtain the following example.
Example 2.4. Let
Proof. We want to show that (i) and (ii) in Theorem 2.1 hold.
Hence 2 ∈ σ p (T ) by Theorem 2.1. □ Next, we show that a rank one perturbation of the unilateral shift S is not quasinormal. In [7, Problem 184] Halmos initiated that if U is the unilateral shift, does there exist a compact operator C such that U + C is normal? He has proved that there is no rank one operator u ⊗ v such that T = S + u ⊗ v is normal where S is the unilateral shift. Next we will consider the case of quasinormality of T . [7] . Since a Hermitian operator on a separable Hilbert space can have only countably many eigenvalues, it holds that σ p (T * T ) is countable. Since σ(S) is the closed unit disc and σ p (S) = ∅, σ(T ) can differ from the closed unit disc by the set of eigenvalues of T only (i.e., σ(T ) \ D = σ p (T )) by [7] . It is known from [1] that if T is quasinormal, then T is unitarily equivalent to N ⊕ (P ⊗ S) where P is positive and N is normal. Then 
Proposition 2.5. Let
, it is uncountable. Hence by [6] , T * is not spectral. 
Corollary 2.7. If
Proof. If T =T , then T must be quasinormal by [9] . So we have a contradiction. □
Next we give a sufficient and necessary condition for rank one perturbations of the unilateral shift to be hyponormal. 
Theorem 2.8. (i) Let u and v be linearly dependent. Then T = S + u ⊗ v is hyponormal if and only if
for all x ∈ H. Hence T is hyponormal if and only if
(ii) Suppose that u and v are linearly independent. Set t = ⟨x, 
is hyponormal if and only if for any x ∈ H ⟨(T
It follows that
So we have γ = 
is hyponormal.
Next we now turn to some properties of some operators in
We start with the following theorem.
Proposition 2.12. Let
operator such that Ae k = γ k e k for all k ≥ 0, then either A = γI for some constant γ or there are at most finitely many j satisfying a j+1bj = −1.
Proof. Since A and T commute, i.e., AT = T A, we obtain that for all k ≥ 0
Since ⟨(AS − SA)e k , e k+1 ⟩ = ⟨Ae k+1 , e k+1 ⟩ − ⟨Ae k , e k ⟩, it follows that
If there are at most finitely many j such that γ j+1 ̸ = γ j , then a j+1bj = −1 for such j. If there are infinitely many j such that γ j+1 ̸ = γ j , then a j+1bj = −1 for such infinitely many j. But, since 
Proof. Since the equation W T = T W holds, we get that for every nonnegative integer k
And we get that 
